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In this paper we prove the existence of a unique strong solution up to the explosion time for
an SDE with a uniformly non-degenerate Sobolev diffusion coefﬁcient (non-Lipschtiz) and
locally integrable drift coefﬁcient. Moreover, two non-explosion conditions are given.
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Consider the following stochastic differential equation (SDE):
dX t ¼ sðt; X tÞdW t þ bðt; X tÞdt,
X 0 ¼ x, ð1Þ
where W t is an m-dimensional standard Brownian motion, and s; b are Borel
measurable functions from Rþ  Rd to Rd  Rm and Rd , respectively, x 2 Rd .
It is well known that if s; b are locally Lipschitz in x, then there is a uniquesee front matter r 2005 Elsevier B.V. All rights reserved.
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equipped with a Brownian motion ðW t;FtÞ. This solution is called a strong solution
to Eq. (1).
Given a Brownian motion W on a probability space, recall that a strong solution
to Eq. (1) is a continuous process X that is adapted to the ﬁltration generated by W
and which satisﬁes Eq. (1). A weak solution of Eq. (1) is a couple ðX ; W Þ on a ﬁltered
probability space ðO;F; fFtgtX0; PÞ such that X t is adapted to Ft, W t is an Ft-
Brownian motion, and ðX ; W Þ solves Eq. (1). For any two weak solutions ðX ; W Þ
and ð ~X ; ~W Þ of Eq. (1), if the same law of X 0 and ~X 0 implies the same law of
processes X and ~X , then we say that weak uniqueness holds for Eq. (1). Pathwise
uniqueness holds for Eq. (1) if two weak solutions ðX ; W Þ and ð ~X ; ~W Þ are deﬁned
on the same probability and with common initial values; then PðX t ¼ ~X t;
for all tX0Þ ¼ 1. We say that strong uniqueness holds for Eq. (1) if ðX ; W Þ and
ð ~X ; W Þ are two strong solutions of Eq. (1) relative to W with the same initial values;
then PðX t ¼ ~X t; for all tX0Þ ¼ 1. Yamada–Watanabe [13] proved that the existence
of a weak solution plus pathwise uniqueness implies the existence of a unique strong
solution. Stroock–Varadhan [11] showed that Eq. (1) has a unique weak solution
when s is uniformly bounded continuous in x and non-degenerate, and b is bounded
and measurable.
There are many papers devoted to seeking a strong solution under weak
assumption on s; b. For example, when non-degeneracy is assumed on s, and b is
bounded, in [14] Zvonkin constructed a quasi-isometric transformation of phase
space that can convert a diffusion process with a non-zero drift coefﬁcient into
a process without drift. Then by this transformation a unique strong solution to
Eq. (1) with b satisfying Dini’s condition was constructed. Following this,
Veretennikov [12] improved this to the case of bounded measurable b.
Recently, in the case of m ¼ d, when diffusion coefﬁcient s is uniformly
positive deﬁnite, and belongs to some Sobolev spaces, b is bounded measurable;
Bahlali [2] proved the existence and non-contact property of a unique strong solution
to Eq. (1). His methods were based on Krylov’s estimate and Zvonkin’s
transformation. More recently, when the diffusion coefﬁcient s is bounded and
locally Lipschitz continuous in x, and ss	 is strongly elliptic, b 2 L2ðdþ1Þloc ðRþ  Rd Þ
satisﬁes
jbðt; xÞjpK þ F ðt; xÞ
for some K40 and F 2 Ldþ1ðRþ  RdÞ; Gyo¨ngy–Martinez [4] obtained a unique
strong solution to Eq. (1). Their methods were also based on Krylov’s estimate and
the approximation. Note that the above condition does not include the case of the
linear growth of b, i.e.
jbðt; xÞjpKð1þ jxjÞ
for some K40.
When s is the identity matrix, Krylov–Ro¨ckner [7] recently proved the existence
and uniqueness of a strong solution to SDE (1) up to an explosion time with a
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0
Z
jxjon
jbðt; xÞjpn dx
 qn
pn
dto1; pnX2; q42;
d
pn
þ 2
qn
o1,
for every n 2 N. They also proved that if b is the gradient in x of a non-negative
function c satisfying
lim
jxj!1
cðt; xÞ ¼ 1; 2qtcpKc; 2qtcþ DcpKec
for some K40 and  2 ½0; 2Þ, then the explosion time is inﬁnite.
Motivated by their works, in this paper we consider SDE (1) on a given ﬁltered
probability space ðO;F; fFtgtX0; PÞ, and make the following assumptions on s:
(C1) s is a continuous function of ðt; xÞ.
(C2) s is uniformly non-degenerate, i.e. there exists a constant cs40 such that
ss	ðt; xÞXcsI 8ðt; xÞ 2 Rþ  Rd ,
where s	ðt; xÞ denotes the transpose of sðt; xÞ and I is the d  d identity matrix.(C3) qxsðt; Þ 2 L2ðdþ1Þloc ðRd Þ with respect to t 2 ½0; T  uniformly, i.e.
sup
t2½0;T 
kqxsðt; ÞkL2ðdþ1ÞðBRÞo1
for every R40, where BR :¼fx 2 Rd : jxjoRg. Here qx denotes the generalized
derivative in x.We are mainly devoted to proving the following result in the present paper.Theorem 1.1 (Local unique strong solution). Assume that (C1)–(C3) hold, and the
drift term b satisfies
b 2 L2ðdþ1Þloc ðRþ  Rd Þ,
then there exists a unique strong solution up to the explosion time zðoÞ for Eq. (1).
Non-explosion: In addition to the above conditions, assume that s is bounded by c0s;
if either of the following two conditions holds, then there is no explosion for Eq. (1),
i.e. zðoÞ ¼ þ1 a.s.
(i)bðt; xÞ ¼
Xk
i¼1
biðt; xÞ þ hðt; xÞ,
where jbij 2 Lpi ðRþ  RdÞ, piX2ðd þ 1Þ and
jhðt; xÞjpCð1þ 1fjxj4eg  jxj log jxjÞ
for some C40 and any t 2 Rþ; x 2 Rd .(ii) jbðt; xÞjpC þ
Xk
i¼1
Fiðt; xÞ
for some C40 and F i 2 Lpi ð½0; T   Rd Þ; piXd þ 1;8T40.
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biðt; xÞ :¼ 1½0;T ðtÞ
1fjxjpeg
jxja þ 1fjxj4egx
i log jxj
 
; i ¼ 1; . . . ; d
for some 0oao d
2ðdþ1Þ. Then b satisﬁes (i), but does not satisfy (ii). Note that x ¼ 0 is
a singular point of b.
The proof of this theorem is developed following the extended Zvonkin’s
transformation. First of all, we prove it for the global integrable drift; then the
localization method is applied to prove this theorem. This theorem covers the results
of Bahlali [2] and Gyo¨ngy–Martinez [4]. When s ¼ I , our existence result is included
in Krylov–Ro¨ckner’s result. However, in this case the non-explosion conditions
could not be compared with that of Krylov–Ro¨ckner. We stress that the proof of
non-explosion (i) strongly relies on the extended Zvonkin’s transformation. Of
course, if h is bounded, then (i) is contained in (ii).
This paper is organized as follows: in Section 2, we prove an extended Zvonkin’s
transformation theorem for the global integrable b. We remark that in the original
proof of Zvonkin the key step is to obtain the global estimate of Ho¨lder constant.
Here, this constant can be obtained directly. In Section 3, applying the exponential
martingale, we obtain a unique strong solution to Eq. (1) under conditions (C1)–(C3)
as well as ðC20Þ below and the global integrable b. In Section 4, we use the standard
stopping times technique to prove Theorem 1.1. Finally, in the appendix, in order to
obtain the non-explosion conditions, an extended Gronwall’s inequality due to
Bihari [3] and two necessary Krylov-type estimates due to Gyo¨ngy–Martinez [4] are
given.2. Extended Zvonkin’s transformation
Let us ﬁrst ﬁx some notations and recall the deﬁnitions of Sobolev spaces. In the
following, BR will denote the open ball of radius R centered at the origin in R
d . For
T40, we put V TR :¼ ½0; T   BR. Except otherwise stated, C will denote a positive
constant that may change from one place to another one, and j  j will stand for the
Hilbert–Schmidt norm either of a vector or a matrix. For a mapping f : Rd 7!Rm, the
ﬁrst-order partial derivative qx f is a linear map from Rd to Rm. The second-order
partial derivative q2x f is a linear map from R
d  Rd to Rm.
For any q41 and T40, the space W 1;2q ðV TRÞ denotes the completion of the family
of C1 functions on Rþ  Rd with compact support with respect to the norm
kukW 1;2q ðVTRÞ :¼kukLqðVTR Þ þ kqtukLqðVTRÞ þ kqxukLqðVTR Þ þ kq
2
xukLqðVTR Þ,
where
kf kLqðVTRÞ :¼
Z T
0
Z
BR
jf ðt; xÞjq dtdx
 1
q
.
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W 1;2q;T :¼W 1;2q ð½0; T   RdÞ,
L
q
T :¼Lqð½0; T   RdÞ,
Lq :¼LqðRþ  RdÞ.
Analogously, we deﬁne the spaces W 0;1q ðV TRÞ and W 2qðBRÞ (the term with the
derivative in t is omitted and the integration is taken over BR).
In addition to assumptions (C1) and (C2), in this section we suppose that
ðC20Þ s is bounded by c0s.
(C4) jbðt; xÞj 2 Lp for some pX2ðd þ 1Þ.
We need the following Lemma III 3.3 of [8].
Lemma 2.1. For p4d þ 2, let u 2 W 1;2p;T . Then for any 0oap1 dþ2p , there are two
positive constants c1 and c2 only depending on d; p, and a such that
jqxuðt; xÞ  qxuðs; yÞj
p½c1ð
ﬃﬃﬃﬃ
T
p
Þ1adþ2p ðkq2xukLpT þ kqtukLpT Þ þ c2ð
ﬃﬃﬃﬃ
T
p
Þ1adþ2p kukLp
T

 ðjt  sja=2 þ jx  yjaÞ
for all t; s 2 ½0; T  and x; y 2 Rd .
Let L be the elliptic operator deﬁned by
L :¼ qt þ
Xd
i¼1
biðt; xÞqxi þ
1
2
Xd
i;j¼1
ðss	Þijðt; xÞq2xixj .
The following result is taken from Theorem IV 9.2 of [8].
Theorem 2.2. Under assumptions (C1), (C2), ðC20Þ and (C4), for any f 2 LpT the
parabolic-type partial differential equation
Luðt; xÞ ¼ f ðt; xÞ,
uðT ; xÞ ¼ 0
has a unique solution u 2 W 1;2p;T . Moreover,
kukW 1;2
p;T
pCkf kLp
T
. (2)
From this theorem we can deduce that
Theorem 2.3. For each 1pkpd, there exists a unique ukðt; xÞ 2 W 1;2p ðVTRÞ for any
0oRoþ1, which satisfies
Lukðt; xÞ ¼ 0,
ukðT ; xÞ ¼ xk, ð3Þ
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sup
x2Rd
jqxukðt; xÞ  qxukðs; xÞjpCT jt  sja=2 8t; s 2 ½0; T , (4)
where the constant CT does not grow with a decrease in T .
Proof. Let ~uk be the unique solution of the following equation:
L ~ukðt; xÞ ¼ bkðt; xÞ,
~ukðT ; xÞ ¼ 0.
Set ukðt; xÞ ¼ ~ukðt; xÞ þ xk, then clearly ukðt; xÞ is the unique solution of Eq. (3).
Moreover, by estimate (2) we have
kukkW 1;2p ðV TRÞpk ~u
kkW 1;2p ðVTR Þ þ kxkkW 1;2p ðVTR Þ
pk ~ukkW 1;2
p;T
þ C
pCkbkkLp
T
þ Co1,
which gives that uk 2 W 1;2p ðVTRÞ.
Note that
k ~ukp
L
p
T
¼
Z T
0
Z
Rd
j ~uðt; xÞjp dtdx ¼
Z T
0
Z
Rd
Z t
T
qs ~uðs; xÞds


p
dtdx
pTp1
Z T
0
Z
Rd
Z T
t
jqs ~uðs; xÞjp ds
 
dtdx
pTp
Z T
0
Z
Rd
jqt ~uðt; xÞjp dtdx ¼ Tpkqt ~ukpLp
T
.
By Lemma 2.1 we have
sup
x2Rd
jqxukðt; xÞ  qxukðs; xÞj ¼ sup
x2Rd
jqx ~ukðt; xÞ  qx ~ukðs; xÞj
pðc1 þ c2Þð
ﬃﬃﬃﬃ
T
p
Þ1adþ2p k ~ukkW 1;2
p;T
 jt  sja=2,
which together with (2) yields estimate (4). &
Set uðt; xÞ :¼ðu1ðt; xÞ; . . . ; udðt; xÞÞ : ½0; T   Rd 7!Rd . Applying the above theorem,
we may prove the following key lemma similar to [4, Lemma 3.4].
Lemma 2.4. For sufficiently small T ¼: T0, there exist two positive constants c3 and c4
such that
c3jx  yjpjuðt; xÞ  uðt; yÞjpc4jx  yj (5)
for any t 2 ½0; T0 and x; y 2 Rd .
In the following we shall ﬁx the T0 in this lemma. We have
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½0; T0  Rd 7!Rd constructed above has the following properties:
(i) For any t 2 ½0; T0, the function uðt; xÞ ¼ utðxÞ : Rd 7!Rd is one to one and onto
mapping, and the inverse mapping is denoted by vtðyÞ ¼ vðt; yÞ.
(ii) The mappings uðt; xÞ and vðt; yÞ have bounded derivatives qxuðt; xÞ and qyvðt; yÞ.
(iii) The functions uðt; xÞ and vðt; yÞ belong to W 1;2p ðV T0R Þ for every 0oRoþ1.
Moreover,
qyvðt; yÞ ¼ ðqxuÞ1ðt; vðt; yÞÞ¼:ðqxuÞ1,
qtvðt; yÞ ¼ ðqxuÞ1  qtu,
q2yvðt; yÞðl1; l2Þ ¼ ðqxuÞ1  q2xuððqxuÞ1l1; ðqxuÞ1l2Þ
for any l1; l2 2 Rd .
Proof. By Lemma 2.4 and smooth approximation, the proof is just a repetition of
the proof of Theorem 2 (Part V) in [14], so we omit the details. &
Now we can state and prove our main result in this section.
Theorem 2.6. Let hðt; xÞ 2 LplocðRþ  RdÞ for some pX2ðd þ 1Þ. Assume that (C1),
(C2), ðC20Þ and (C4) hold. Consider the following two stochastic integral equations
defined on the same probability space:
X t ¼ xþ
Z t
0
sðs; X sÞdW s þ
Z t
0
bðs; X sÞds þ
Z t
0
hðs; X sÞds; tpT0 (6)
and
Y t ¼ uð0; xÞ þ
Z t
0
~sðs; Y sÞdW s þ
Z t
0
~hðs; Y sÞds; tpT0, (7)
where
~sðt; yÞ :¼ qxuðt; vðt; yÞÞ  sðt; vðt; yÞÞ, ð8Þ
~hðt; yÞ :¼ qxuðt; vðt; yÞÞ  hðt; vðt; yÞÞ. ð9Þ
Then, we have
fX t; t 2 ½0; T0g solving Eq: ð6Þ ¼)fY t :¼ uðt; X tÞ; t 2 ½0; T0g solving Eq: ð7Þ
and conversely
fY t; t 2 ½0; T0g solving Eq: ð7Þ¼)fX t :¼ vðt; Y tÞ; t 2 ½0; T0g solving Eq: ð6Þ.
Proof. We only prove the ﬁrst conclusion. The second one is analogous by (iii) of
Theorem 2.5. Let un be a sequence of smooth functions such that
kun  ukW 1;2p ðVT0R Þ ! 0 as n !1.
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from BR. By Itoˆ’s formula, we have
unðt ^ tR; X t^tR Þ  unð0; xÞ ¼
Z t^tR
0
Lunðs; X sÞds þ
Z t^tR
0
ðqxun  hÞðs; X sÞds
þ
Z t^tR
0
qxunðs; X sÞ  sðs; X sÞdW s. ð10Þ
By Schwartz’s inequality and Theorem 5.2 in the appendix we have
E
Z t^tR
0
ðqxun  h  qxu  hÞðs; X sÞds


p E
Z t^tR
0
jqxun  qxuj2ðs; X sÞds


 1=2
 E
Z t^tR
0
jhj2ðs; X sÞds


 1=2
pCkjqxun  qxuj2k1=2
Lp=2ðVT0
R
Þkjhj
2k1=2
Lp=2ðVT0
R
Þ
¼ Ckqxun  qxukLpðV T0
R
ÞkhkLpðVT0
R
Þ
pCkun  ukW 1;2p ðV T0R Þ ! 0 as n !1.
Similarly, we have
E
Z t^tR
0
ðLun  LuÞðs; X sÞds

! 0 as n !1.
Moreover,
E
Z t^tR
0
ðqxun  qxuÞðs; X sÞsðs; X sÞdW s


2
pCE
Z t^tR
0
jqxun  qxuj2ðs; X sÞds
 
pCkjqxun  qxuj2kLp=2ðVT0
R
Þ
pCkun  uk2
W 1;2p ðV
T0
R
Þ ! 0 as n !1.
Finally, by Sobolev’s embedding theorem (cf. [1]), we have
sup
t2½0;T0
sup
x2BR
junðt; xÞ  uðt; xÞj ! 0 as n !1.
Thus the left-hand side of (10) converges to uðt ^ tR; X t^tR Þ  uð0; xÞ.
Now ﬁrst let n !1, then R !1 in (10) yields
uðt; X tÞ  uð0; xÞ ¼
Z t
0
ðLu þ qxu  hÞðs; X sÞds þ
Z t
0
qxuðs; X sÞ  sðs; X sÞdW s.
Since Lu ¼ 0, we thus have that Y t :¼ uðt; X tÞ solves Eq. (7). &
Remark 2.7. The relation between Eqs. (7) and (6) can be extended from small T0 to
the arbitrarily ﬁnite T0 by the standard argument of shifting the time.
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In this section we prove the following.
Theorem 3.1. Suppose that conditions (C1), (C2), ðC20Þ, (C3) and (C4) hold, then
Eq. (1) has a unique strong solution.
Proof. Let us ﬁrst show that ~s deﬁned by (8) has the following properties:
ð1Þ ~s is continuous with respect to ðt; xÞ.
ð2Þ There exists a constant m40 such that
mIp ~s ~s	ðt; yÞpðmÞ1I 8ðt; yÞ 2 ½0; T0  Rd .
ð3Þ For any 0oRoþ1; ~s 2 W 0;12ðdþ1ÞðVT0R Þ.
ð4Þ For any 0oap1 dþ2
2ðdþ1Þ, we have
j ~sðt; yÞ  ~sðt; y0ÞjpCjy  y0ja 8t 2 ½0; T0; 8y; y0 2 BR. (11)
Properties ð1Þ and ð2Þ follow from (C1), (C2), ðC20Þ and (ii) in Theorem 2.5.
Property ð3Þ follows from the following formula, (C3) and (iii) in Theorem 2.5:
qy ~sðt; yÞ ¼ q2xuðt; vðt; yÞÞ  qyvðt; yÞ  sðt; vðt; yÞÞ
þ qxuðt; vðt; yÞÞ  qxsðt; vðt; yÞÞ  qyvðt; yÞ.
Let us check (4). By Lemma 2.1, (ii) in Theorem 2.5 and Sobolev’s embedding
theorem (cf. [1]), we have
j ~sðt; yÞ  ~sðt; y0ÞjpC jqxuðt; vðt; yÞÞ  qxuðt; vðt; y0ÞÞj þ jsðt; vðt; yÞÞ  sðt; vðt; y0ÞÞjð Þ
pCjvðt; yÞ  vðt; y0Þja
pCjy  y0ja.
By Theorem 2.6, we only need to prove that there is a unique strong solution to
Eq. (7) with ~h ¼ 0. By a well-known result (cf. [11]) there exists a weak solution to
Eq. (7). So it is enough to prove the pathwise uniqueness for Eq. (7).
Let Y t and Y^ t be two continuous solutions to Eq. (7) with the same initial values
and deﬁned on the same probability space.
Set Zt :¼Y t  Y^ t. By Itoˆ’s formula, we have
jZtj2 ¼ jZ0j2 þ 2
X
i
Z t
0
Zis  ð ~sijðs; Y sÞ  ~sijðs; Y^ sÞÞdW js
þ
X
i;j
Z t
0
ð ~sijðs; Y sÞ  ~sijðs; Y^ sÞÞ2 ds
¼ jZ0j2 þ
Z t
0
jZsj2 dðMs þ NsÞ, ð12Þ
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Mt :¼ 2
X
i;j
Z t
0
Zis  ð ~sijðs; Y sÞ  ~sijðs; Y^ sÞÞ  jZsj2  1fjZsja0g dW js,
Nt :¼
X
i;j
Z t
0
ð ~sijðs; Y sÞ  ~sijðs; Y^ sÞÞ2jZsj2  1fjZsja0g ds.
For R4jY 0j, put
tR :¼ infft40; jY tj4R or jY^ tj4Rg,
and for 40, put
t :¼ infft40; jY t  Y^ tj4g.
Set tR; :¼ tR ^ t ^ T0. Let ~sn be a sequence of smooth functions such that
lim
n!1
k ~sn  ~skW 0;1
2ðdþ1ÞðV
T0
R
Þ ¼ 0.
By Fatou’s lemma we have
EðjMt^tR; j2 þ jNt^tR; jÞ
pCE
Z t^tR;
0
j ~sðs; Y sÞ  ~sðs; Y^ sÞj2  jZsj2  1fjZsja0g ds
 
pC lim inf
d#0
E
Z t^tR;
0
j ~sðs; Y sÞ  ~sðs; Y^ sÞj2  jZsj2  1fjZsj4dg ds
 
pC lim inf
d#0
lim
n!1
E
Z t^tR;
0
j ~snðs; Y sÞ  ~snðs; Y^ sÞj2  jZsj2  1fjZsj4dg ds
 
þ C lim inf
d#0
lim
n!1
E
Z t^tR;
0
j ~sðs; Y sÞ  ~snðs; Y sÞj2  jZsj2  1fjZsj4dg ds
 
þ C lim inf
d#0
lim
n!1
E
Z t^tR;
0
j ~sðs; Y^ sÞ  ~snðs; Y^ sÞj2  jZsj2  1fjZsj4dg ds
 
¼:CðI1 þ I2 þ I3Þ.
By Krylov’s estimate (cf. [5]), we have
I2 þ I3pC lim inf
d#0
lim
n!1
k ~s ~snk2
L2ðdþ1ÞðVT0
R
Þ=d
2
 
¼ 0.
Now let us estimate the ﬁrst term I1. For all sotR; and 0prp1, jY s  Y^ sjp and
by (4) we have
jðr ~sðs; Y sÞ þ ð1 rÞ ~sðs; Y^ sÞÞlj ¼ jðrð ~sðs; Y sÞ  ~sðs; Y^ sÞÞ þ ~sðs; Y^ sÞÞlj
Xj ~sðs; Y^ sÞÞlj  rj ~sðs; Y sÞ  ~sðs; Y^ sÞlj
Xð ﬃﬃﬃmp  rCaÞjlj.
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m
p  Ca40.
Since
rY t þ ð1 rÞY^ t ¼ uð0; xÞ þ
Z t
0
r ~sðs; Y sÞ þ ð1 rÞ ~sðs; Y^ sÞdW s,
by Fubini’s theorem and Krylov’s estimate, we have
I1p lim
n!1
E
Z t^tR;
0
Z 1
0
jqy ~snj2ðs; rY s þ ð1 rÞY^ sÞdr
 
ds
 
¼ lim
n!1
Z 1
0
E
Z t^tR;
0
jqy ~snj2ðs; rY s þ ð1 rÞY^ sÞds
 
dr
 
pC lim
n!1
kqy ~snk2
L2ðdþ1ÞðVT0
R
Þ
¼ Ckqy ~sk2
L2ðdþ1ÞðVT0
R
Þoþ1.
Therefore fMt^t þ Nt^t ; t 2 ½0; T0g is a continuous semimartingale, and the unique
solution to (12) is given by (cf. [10, Proposition 2.3, p. 361])
jZt^t j2 ¼ jZ0j2 exp Mt^t þ Nt^t  12 ½Mt^t
	 
 8t 2 ½0; T0 (13)
which yields that Zt^T ¼ 0 by Z0 ¼ 0. This imposes that tXT0 and Zt ¼ 0 for all
t 2 ½0; T0. By Remark 2.7, we can extend small T0 to arbitrarily large T0, and the
proof is complete. &4. Proof of Theorem 1.1
Local unique strong solution: Set
snðt; xÞ :¼ 1½0;nðtÞ1fjxjongsðt; xÞ,
bnðt; xÞ :¼ 1½0;nðtÞ1fjxjongbðt; xÞ,
then s is bounded and bn 2 L2ðdþ1ÞðRþ  RdÞ. Let X nt denote the unique solution for
SDE
dX nt ¼ snðt; X nt ÞdW t þ bnðt; X nt Þdt,
X n0 ¼ x.
For nXk, let tn;kðoÞ :¼ infft 2 ½0; k; jX nt ðoÞjXkg, then X nt^tn;k satisﬁes the following
equation:
X nt^tn;k ¼ xþ
Z t^tn;k
0
snðs; X ns ÞdW s þ
Z t^tn;k
0
bnðs; X ns Þds
¼ xþ
Z t^tn;k
0
skðs; X ns^tn;k ÞdW s þ
Z t^tn;k
0
bkðs; X ns^tn;k Þds.
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and
X nt^tn;kðoÞðoÞ ¼ X kt^tn;kðoÞðoÞ for all t40 and o 2 An;k.
Set A ¼ Tn;kAn;k, then PðAÞ ¼ 1, and tk;kðoÞptn;kðoÞptn;nðoÞ for o 2 A. Thus if we
set zkðoÞ :¼ tk;kðoÞ, then zkðoÞ is an increasing sequence of stopping times, and for
every o 2 A
X nt^zkðoÞðoÞ ¼ X
k
t^zkðoÞðoÞ. (14)
For o 2 A, we deﬁne
X tðoÞ :¼X kt ðoÞ for tozkðoÞ,
then it is well deﬁned by (14). Clearly, X t satisﬁes Eq. (1) and zðoÞ :¼ limk!1zkðoÞ is
the explosion time of X tðoÞ.
Non-explosion: By the stopping time argument, if we can show Eðsupt2½0;T jX tjÞo
þ1 for each T40, then there is no explosion.
(i) We have the following easy facts:
If jhðt; xÞj 2 Lp0 ðRþ  RdÞ for some p0X2ðd þ 1Þ, then ~hðt; yÞ defined by (9) also
belongs to Lp
0 ðRþ  RdÞ. If jhðt; xÞjpCð1þ 1fjxj4egjxj log jxjÞ, then
j ~hðt; yÞjp ~C 1þ 1fjyj4egjyj log jyj
 
pC0rðjyjÞ
for some C040, where r is defined by (15) below.
Thus, using Theorem 2.6 again, we may assume k ¼ 1. By Remark 2.7, we restrict
ourselves to the time interval ½0; T0 and consider Eq. (7). We have
sup
t2½0;T0
jY tjpjuð0; xÞj þ sup
t02½0;T0
Z t0
0
~sðs; Y sÞdW s

þ C0
Z t
0
rðjY sjÞds.
By Lemma 5.1, we have
sup
t2½0;T0
jY tjp juð0; xÞj þ sup
t02½0;T0
Z t0
0
~sðs; Y sÞdW s


 !eC0T0
.
By Doob’s maximal inequality, we obtain
E sup
t2½0;T0
jY tj
 !
pC þ E
Z T0
0
~sðs; Y sÞdW s


eC0T0
pCo1.
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(ii) By (C2) and Theorem 5.3 in the appendix, for any T40 we have
E sup
t2½0;T 
jX tj
 !
pC þ CE
Z T
0
jbðs; X sÞjds
 
pC þ C
Xk
i¼1
E
Z T
0
jFiðs; X sÞjds
 
pC þ C
Xk
i¼1
kFikLpi
T
oþ1.
The proof is thus complete.
Acknowledgements
The author is very grateful to Professor Jiagang Ren for his valuable discussions.
Thanks are also due to the referees and editor for their valuable suggestions.Appendix
Let
rðxÞ :¼x log x if x4e; rðxÞ :¼ e if 0oxpe. (15)
The following generalization of the Gronwall–Bellman-type inequality is from [3]
(see also [9] for the proof).
Lemma 5.1. Let gðsÞ be a strictly positive function on Rþ such that
gðtÞpgð0Þ þ C0
Z t
0
rðgðsÞÞds; tX0.
Then
gðtÞpðgð0Þ _ eÞeC0 t .
Applying Krylov’s Lemma 5.1 of [6], we can prove the following two results along
the same lines as in the proof of Corollary 3.2 of Gyo¨ngy–Martinez [4]. So the details
are omitted.
Theorem 5.2. Assume that (C1), (C2), ðC20Þ and
jbj 2 Ldþ1loc ðRþ  RdÞ.
Let X t be a process satisfying Eq. (1), and tR the first exit time of X t from BR. Then for
any Borel function f 2 Ldþ1loc ðRþ  Rd Þ, T40 and qXd, we have
E
Z tR^T
0
f ðt; X tÞdt
 
pC kbk
d
2ðqdþ1Þ
Ldþ1ðVTRÞ
þ 1
 
kf kLqþ1ðVTR Þ,
where the constant C ¼ Cðd; T ; q;mÞ is independent of R.
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jbðt; xÞjpC þ
Xk
i¼1
Fiðt; xÞ; Fi 2 LpiT ; piXd þ 1;8T40,
then for any T40 and qXd, we have
E
Z T
0
f ðt; X tÞdt
 
pCkf k
L
qþ1
T
,
where C is a finite positive constant.References
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